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Faltings Heights

A/K: abelian variety defined over a number field of dim g.

o/ | Ok: unit connected component of the Néron model of A.
Q(<7) := Lie(«/)*, invariant differetnial 1-forms on <7 /Ok.

w(e) := det Q(o) with metric for each archimedean place v of K:

ol = om)% [ anal, e cwla) =r(4.95)
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Faltings Heights

A/K: abelian variety defined over a number field of dim g.

o/ | Ok: unit connected component of the Néron model of A.
Q(<7) := Lie(«/)*, invariant differetnial 1-forms on <7 /Ok.

w(e) := det Q(o) with metric for each archimedean place v of K:

lelf? = (27T)_g/ lenal,  acw(A)=T(A, Q3 ).
A/(C)
B() = (w(), | - [I)

Faltings height of A= h(A): deg ().

1
~[K:Q]
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Faltings Heights

A/K: abelian variety defined over a number field of dim g.

o/ | Ok: unit connected component of the Néron model of A.
Q(<7) := Lie(«/)*, invariant differetnial 1-forms on <7 /Ok.

w(e) := det Q(o) with metric for each archimedean place v of K:

lelf? = (27T)_g/ lenal,  acw(A)=T(A, Q3 ).
A/(C)
B() = (w(), | - [I)

Faltings height of A= h(A): deg ().

1
~[K:Q]

Assume 7 is semiabelian, then height is invariant under base
change.
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Colmez conjecture

E: CM field with totally real subfield F, [F : Q] = g.
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Colmez conjecture

E: CM field with totally real subfield F, [F : Q] = g.

®: E®R~CE& a CM-type.

I C Og: an ideal.

Ao, = C8/®(1), CM abelian variety by O.

CM theory: Ag  defined over a # field K with a smooth &7/ Ok
Colmez: h(Ae) is independent of /; denote h(Ap) = h(P)
Comez conjecture: h(®) is a precise linear combination of
logarithmic derivatives of Artin L-functions at 0.

Known cases:

(1) E/Q is abelian by Colmez and

(2) [E : Q] = 4 by Tonghai Yang.

Shou-Wu Zhang Colmez Conjecture in Average



dr: the absolute discriminant of F
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dr: the absolute discriminant of F
de/F 1= de/dZ the norm of the relative discriminant of E/F.
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dr: the absolute discriminant of F
de/F 1= de/dZ the norm of the relative discriminant of E/F.
ne/F: the corresponding quadratic character of AF.
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dr: the absolute discriminant of F

de/F 1= de/dZ the norm of the relative discriminant of E/F.
ne/F: the corresponding quadratic character of AF.

L¢(s,m): the finite part of the completed L-function L(s, 7).

Theorem (Xinyi Yuan -)

1 _ _1L(ng;r0)
28 £ 2 L¢(ngyF,0)

where ® runs through the set of CM types E.

1
— ;4 lo8(de/Fdr).

Shou-Wu Zhang Colmez Conjecture in Average



When combined with a recent work of Jacob Tsimerman, The
above Theorem implies the AO for Siegel moduli <7,
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When combined with a recent work of Jacob Tsimerman, The
above Theorem implies the AO for Siegel moduli <7,

Recently, a proof of the following weaker form of the averaged
formula has been announced by Andreatta, Howard, Goren, and
Madapusi Pera:

1 1 LIf(UE/F»O)
— h(®)=—=—"—"— mod Qlog p.
e () 2 Le(ng/F,0) I%:‘
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When combined with a recent work of Jacob Tsimerman, The
above Theorem implies the AO for Siegel moduli <7,

Recently, a proof of the following weaker form of the averaged
formula has been announced by Andreatta, Howard, Goren, and
Madapusi Pera:

1 1 LIf(UE/F»O)
=3 ()= —>EEE g S Qlog p.
= (@) 2 Le(ng/F,0) v

Our proof is different than theirs: we use neither high dimensional
Shimura varieties nor Borcherds' liftings.
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Ideal of proof: g =1

If g =1, then w() has a (Q-section) given by modular form ¢ of
weight 1 with g-expansion at the Tate curve G,,/q”:
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Ideal of proof: g =1

If g =1, then w() has a (Q-section) given by modular form ¢ of
weight 1 with g-expansion at the Tate curve G,,/q”:

r=n@P% (q) =g [Ta-qm.

u
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Ideal of proof: g =1

If g =1, then w() has a (Q-section) given by modular form ¢ of
weight 1 with g-expansion at the Tate curve G,,/q”:

= n(q)2%, n(q) =g J[1-q").
h(A) = 12[K1Q] <Iog disc(A) = Y log ’n(qg)24(47rlm7'g)6|> .
’ o K—C
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Ideal of proof: g =1

If g =1, then w() has a (Q-section) given by modular form ¢ of
weight 1 with g-expansion at the Tate curve G,,/q”:

r=n@P% (q) =g [Ta-qm.

u

h(A) log |disc(A)| — > log ’n(qg)24(47rlm7'g)6|> .

1
- 12[K : Q] < g K—C

When A has CM, apply either Kronecker—Limit or Chowla—Selberg
formula.
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Ideal of proof: g > 1

If g > 1, there is no natural Q-sections for w(<).
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We will use generating series T(q) of arithmetic Hecke divisors on
the product 2" x 2 of Shimura curves 2" over Of.
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If g > 1, there is no natural Q-sections for w(<).

We will use generating series T(q) of arithmetic Hecke divisors on
the product 2" x 2 of Shimura curves 2" over Of.

In the case of modular curve 2°(1) = PL, such a series takes form:

T T 3 T T *— *—
T(q)=To <1 - 71'y> + Z Thq", To=—mw—mw.
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Ideal of proof: g > 1

If g > 1, there is no natural Q-sections for w(<).

We will use generating series T(q) of arithmetic Hecke divisors on
the product 2" x 2 of Shimura curves 2" over Of.

In the case of modular curve 2°(1) = PL, such a series takes form:

T T 3 T T *— *—
T(q)=To <1 - 71'y> + Z Thq", To=—mw—mw.

This series is proportional the Eisenstein series of weight 2:

Ex(7) = —% (1 - fy) + ;al(n)q".
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Heights of CM points

B: totally definite incoherent quaternion algebra over A := Afr.
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2"/ Of: the Shimura curve defined by B with level Oy .
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Heights of CM points

B: totally definite incoherent quaternion algebra over A := Afr.
Ag — B: an A-embedding

Og: maximal order of of IB%? which contains of 55
2"/ OF: the Shimura curve defined by B with level Op'.
£ the arithmetic Hodge bundle of 2", with Hermitian metrics

ldz|[y = 2Im(z), v |oo

P € X(E®): a CM point by O with the height defined by

h(P) = [F(PI)F] deg(Z]7).
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Heights of CM points

B: totally definite incoherent quaternion algebra over A := Afr.
Ag — B: an A-embedding

Og: maximal order of of IB%? which contains of 55
2"/ OF: the Shimura curve defined by B with level Op'.
£ the arithmetic Hodge bundle of 2", with Hermitian metrics

ldz|[y = 2Im(z), v |oo

P € X(E®): a CM point by O with the height defined by

deg(-Z|5p).

1
SR CORG!

dg: norm of ramification divisor of B.

Sh (P)_%log(dBdF)‘
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Decomposition of Faltings' heights

K C C: a number field containing all Galois conjugates of E.
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Decomposition of Faltings' heights

K C C: a number field containing all Galois conjugates of E.
o/ | Ok: a CM abelian variety by O of type ®.

Q(JZ{)T = Q(&Zf) QOk® 0, Ok VrTeo.

w()— Q) Q)"

TED

Shou-Wu Zhang Colmez Conjecture in Average



Decomposition of Faltings' heights

K C C: a number field containing all Galois conjugates of E.
o/ | Ok: a CM abelian variety by O of type ®.

Q(JZ{)T = Q(&Zf) QOk® 0, Ok VT €.
w()— Q) Q)"

TED

But there is no natural metrics defined on the individual Q(<7)".
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WA, T) = Q) @ Q).

Shou-Wu Zhang Colmez Conjecture in Average



Decomposition of Faltings' heights

K C C: a number field containing all Galois conjugates of E.
o/ | Ok: a CM abelian variety by O of type ®.

Q(JZ{)T = Q(JZ%) R0ok20e,r Ok VrTeo.

w()— Q) Q)"

TED

But there is no natural metrics defined on the individual Q(<7)".
To solve this problem, we bring the dual AV into the picture to

define:
WA, T) = Q) @ Q).

This line bundle has natural metrics to make w(A, 7).
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Decomposition of Faltings' heights

K C C: a number field containing all Galois conjugates of E.
o/ | Ok: a CM abelian variety by O of type ®.

Q(JZ{)T = Q(JZ%) R0ok20e,r Ok VrTeo.

w()— Q) Q)"

TED

But there is no natural metrics defined on the individual Q(<7)".
To solve this problem, we bring the dual AV into the picture to

define:
WA, T) = Q) @ Q).

This line bundle has natural metrics to make w(A, 7).

h(A, 7) = %deg(w(A, ).
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The h(A, ) depends only on the pair (¥, 7); denote it as h(P, 7).
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The h(A, T) depends only on the pair (¥, 7); denote it as h(®P, 7).
Ep: is the reflex field of (E, ®).
de, dpc: absolute discriminants of ©, ®°.
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The h(A, T) depends only on the pair (¥, 7); denote it as h(®P, 7).
Ep: is the reflex field of (E, ®).
de, dpc: absolute discriminants of ©, ®°.
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Nearby pair of types

(b1, P2): a nearby pair of CM types: |®; Ndy| =g — 1.
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Nearby pair of types

(b1, P2): a nearby pair of CM types: |®; Ndy| =g — 1.
7;: the complement of ®; NP, in ¢;.

h((Dl, (Dg) = %(h(q)l, 7'1) + h(¢2>7-2))
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Nearby pair of types

(b1, P2): a nearby pair of CM types: |®; Ndy| =g — 1.
7;: the complement of ®; NP, in ¢;.

h((Dl, (Dg) = %(h(q)l, 7'1) + h(¢2>7-2))

Main Theorem is then reduced to:

_ 1 F(ng/r0) 1
2g L¢(ne/F,0) 4g

log(dg/F).-
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Nearby pair of types

(b1, P2): a nearby pair of CM types: |®; Ndy| =g — 1.
7;: the complement of ®; NP, in ¢;.

h((Dl, (Dg) = %(h(q)l, 7'1) + h(¢2>7-2))

Main Theorem is then reduced to:

_ 1 F(ng/r0) 1
2g L¢(ne/F,0) 4g

log(dg/F).-

May replace LHS by 3h(Ao, 7) for an abelian variety A with
action by Og and isogenous to A¢, + Ae,. Such an A
corresponds to a CM-point @ in a unitary Shimura curve Y.
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Unitary Shimura curves

(b1, P2): a nearby pair of CM types of E.
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Unitary Shimura curves

(P1,P2): a nearby pair of CM types of E.
E": reflex field of ®; + ®.
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(P1,P2): a nearby pair of CM types of E.
E”: reflex field of &1 + ®o.
Y /E": Shimura curve parametrizes (A, i, 6, k):
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Unitary Shimura curves

(P1,P2): a nearby pair of CM types of E.
E”: reflex field of &1 + ®o.
Y /E": Shimura curve parametrizes (A, i, 6, k):

@ A is an abelian variety;
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Unitary Shimura curves

(P1,P2): a nearby pair of CM types of E.

E": reflex field of ®1 + ®,.

Y /E": Shimura curve parametrizes (A, i, 6, k):
@ A is an abelian variety;

@ i : Oc—End(A) is an homomorphism such that the induced
action on Lie(A) has the trace tre, ¢, : E—E%;
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Unitary Shimura curves

(P1,P2): a nearby pair of CM types of E.

E": reflex field of ®1 + ®,.

Y /E": Shimura curve parametrizes (A, i, 6, k):
@ A is an abelian variety;

@ i : Oc—End(A) is an homomorphism such that the induced
action on Lie(A) has the trace tre, ¢, : E—E%;

@ 0 : A— AV is a polarization with Rosatti involution inducing
complex conjugation on Of;
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Unitary Shimura curves

(P1,P2): a nearby pair of CM types of E.

E”: reflex field of &1 + ®o.

Y /E": Shimura curve parametrizes (A, i, 6, k):
@ A is an abelian variety;

@ i : Oc—End(A) is an homomorphism such that the induced
action on Lie(A) has the trace tre, ¢, : E—E%;

@ 0 : A— AV is a polarization with Rosatti involution inducing
complex conjugation on Of;

o k:0p— 'T'(A) a class of homomorphism of Og-modules
such that the symplectic form ¢y on T(A) is given by

Yo(kx, ky) = trBf/Z(\/XXV)-
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Geometric Kodaira—Spencer

A—Y': universal abelian variety (after raising level)
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Geometric Kodaira—Spencer

A—Y': universal abelian variety (after raising level)
N:=w(A T)=Q(A)" @ QAY)"
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Geometric Kodaira—Spencer

A—Y': universal abelian variety (after raising level)
N:=w(A T)=Q(A)" @ QAY)"
Geometric Kodaira—Spencer: N =~ 9%2.
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Geometric Kodaira—Spencer

A—Y': universal abelian variety (after raising level)
N:=w(A T)=Q(A)" @ QAY)"

Geometric Kodaira—Spencer: N =~ 9%2.

Need to extend this isomorphism to integral models of Y.
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Geometric Kodaira—Spencer

A—Y': universal abelian variety (after raising level)
N:=w(A T)=Q(A)" @ QAY)"

Geometric Kodaira—Spencer: N =~ 9%2.

Need to extend this isomorphism to integral models of Y.
The direct methods of extending the moduli problem to O
usually do not yield a regular integral scheme.
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Geometric Kodaira—Spencer

A—Y': universal abelian variety (after raising level)
N:=w(A T)=Q(A)" @ QAY)"

Geometric Kodaira—Spencer: N =~ 9%2.

Need to extend this isomorphism to integral models of Y.
The direct methods of extending the moduli problem to O
usually do not yield a regular integral scheme.

We will construct integral models using quaternionic Shimura
curve X over F, where the regular integral models have been
constructed by Carayol, and Cerednik-Drinfeld.
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Quaternionic Shimura curves

X: Shimura curve defined by B with some level.
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Quaternionic Shimura curves

X: Shimura curve defined by B with some level.
Then X is equipped with following objects:
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X: Shimura curve defined by B with some level.
Then X is equipped with following objects:

© at each archimedean place v of F, there is a Hodge filtration
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Quaternionic Shimura curves

X: Shimura curve defined by B with some level.
Then X is equipped with following objects:

© at each archimedean place v of F, there is a Hodge filtration
M(v) c HER (V)L HIR(v) @ Q.

@ a local system T of free Og-module of rank 1 in étale
topology.

In this way we have étale sheaf of torsion Og-modules:
G=(Te;Q)/T=P6,
o

where the sum runs over the set of finite places © of F, and Gp is
an étale sheaf of torsion Op ,-modules .
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Embedding X—Y

Over some abelain extensions E of E?, there are some embeddings
f: X—Y.
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Embedding X—Y

Over some abelain extensions E of E?, there are some embeddings
f: X—Y.

In terms of universal abelian variety A—Y', we have for a place v
of E over a place v of F
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Embedding X—Y

Over some abelain extensions E of E?, there are some embeddings
f: X—Y.

In terms of universal abelian variety A—Y', we have for a place v
of E over a place v of F

HIR(v) = FHIR(A)T, M(v) = FQ(AY)Z, T = f*T(A)
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Embedding X—Y

Over some abelain extensions E of E?, there are some embeddings
f: X—Y.

In terms of universal abelian variety A—:Y’, we have for a place v
of E over a place v of F

HER(v) = FHER(AY, M) = FAYY,, T =FT(A)

where 7 is the natural emebedding F—E?. It follows that
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Embedding X—Y

Over some abelain extensions E of E?, there are some embeddings
f: X—Y.

In terms of universal abelian variety A—:Y’, we have for a place v
of E over a place v of F

H{R(v) = FFHER(A)T,  M(v) = FFQAY)S, T =r*T(A)
where 7 is the natural emebedding F—E?. It follows that

G = Al tor, Gy = F*AI[p™].
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Integral models

By Carayol, Drinfeld—Cerednik, there is an integral models 2~ of X
over Of, such that locally over Z,,
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Integral models

By Carayol, Drinfeld—Cerednik, there is an integral models 2~ of X

over Of, such that locally over Z,,
the G, extends to a p-divisible Op ,-module ¥, of height 4 and

dimension 2.
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Integral models

By Carayol, Drinfeld—Cerednik, there is an integral models 2~ of X
over Of, such that locally over Z,,

the G, extends to a p-divisible Op ,-module ¥, of height 4 and
dimension 2.

Moreover the formal neighbood of a closed point represents the
universal deformation of ¥,.
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Integral models

By Carayol, Drinfeld—Cerednik, there is an integral models 2~ of X
over Of, such that locally over .2,

the G, extends to a p-divisible Op ,-module ¥, of height 4 and
dimension 2.

Moreover the formal neighbood of a closed point represents the
universal deformation of ¥,.

Over %, the bundle M(p) also extends as the bundles of
invariant differentials of Cartier dual 4 of %;:

M () = AZ).
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Integral models

By Carayol, Drinfeld—Cerednik, there is an integral models 2~ of X
over Of, such that locally over .2,

the G, extends to a p-divisible Op ,-module ¥, of height 4 and
dimension 2.

Moreover the formal neighbood of a closed point represents the
universal deformation of ¥,.

Over %, the bundle M(p) also extends as the bundles of
invariant differentials of Cartier dual ¢4 of &,

M (p) = QAZ)).
In this way we obtain an extension of the bundle N on Z:
N (p) = det #(p) @ det 4 (p).

This bundles also has metrics at archimedean places by Hodge
structures.
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Arithmetic Kodaira—Spencer

By a careful calculation, we construct an isometry of line bundles
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Arithmetic Kodaira—Spencer

By a careful calculation, we construct an isometry of line bundles

KS(7) : N(1) ~ wg?i

at an archimedean place 7 of F,
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Arithmetic Kodaira—Spencer

By a careful calculation, we construct an isometry of line bundles

KS(7) : N(1) ~ wg?zT

at an archimedean place 7 of F, and an isomorphism

KS(p) : w$ (—Dg) =~ A ()

where Dg is the ramification divisor on SpecOf of B.
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Arithmetic Kodaira—Spencer

By a careful calculation, we construct an isometry of line bundles

KS(7) : N(1) ~ wf?zT
at an archimedean place 7 of F, and an isomorphism
KS(p) : w$ (—Dg) =~ A ()

where Dg is the ramification divisor on SpecOf of B.
In summary, the calculation of h(®1, ®2) = 3h(Ag, ) is reduced to
the calculation of hg, (P) at a special point P on 2.
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